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Abstract 

We investigate analytic properties of the six point planar amplitude in N = 4 SUSY 

at the multi-Regge kinematics for final state particles. For inelastic processes the Stein- 

mann relations play an important role because they give a possibility to fix the phase 

structure of the Regge pole and Mandelstam cut contributions. These contributions 

have the Mobius invariant form in the transverse momentum subspace. The analytic- 

ity and factorization constraints allow us to reproduce the two-loop correction to the 

j> ■ 6-point BDS amplitude in N = 4 SUSY obtained earlier in the leading logarithmic 

approximation with the use of the s-channel unitarity. The exponentiation hypothesis 

for the remainder function in the multi-Regge kinematics is also investigated. The 

6-point amplitude in LLA can be completely reproduced from the BDS ansatz with 

qq . the use of the analyticity and Regge factorization. 

O 
O 



1 Introduction 



The elastic scattering amplitude in QCD at high energies yfs and fixed momentum 
transfers q = y/—i for the transition AB — > A'B' with the definite particle helicities Aj 
in the leading logarithmic approximation (LLA) has the Regge form pQ 



s i+w(t) 



-42^2 = 2g5\ A \ A ,T% A , : — t — gT% B ' ^x B x B , , t = -q 2 . (1) 



The gluon Regge trajectory j(t) = 1 + u)(t) in LLA is given below 
u (-f) = (JJttaO* /rf 2 " 2 ^. 




(2vr) 2 ^' J P(q-k) 2 

where we introduced the dimensional regularization (D = 4 — 2 e) and the renormal- 
ization point /j, for the t' Hooft coupling constant 

a = ^ (^e~r ■ (3) 

The gluon trajectory is also known in the next-to-leading approximation at QCD [2\ 
and in SUSY gauge models [3j . 
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For finding the total cross-section in LLA it is enough to calculate the production 
amplitudes in the multi-Regge kinematics for the final state gluons. They have the 
simple factorized form pQ 



.4 



2->2+n 



-2s 9 5 XaXaI T2 A ,^^gC,(q 2 , qi )e;(k 1 )T c % i ^^...^ g 5\ B \ gl ,(4) 

where 

s = (pa + Pb? > s r = (k r + A; r _i) 2 > q 2 , k r = q r+1 - q r . (5) 

The matrices T£ c are the generators of the SU(N C ) gauge group in the adjoint rep- 
resentation and C^qv, qv-i) are the effective Reggeon-Reggeon-gluon vertices. In the 
case when the polarization vector e^(k\) describes a produced gluon with a definite 
helicity one can obtain [1] 

C^C,(q 2 ,q 1 )e;(k 1 ) = V2 q -j^, (6) 

where the complex notation q = q x + iq y for the two-dimensional transverse vectors 
was used. 

The elastic scattering amplitude with vacuum quantum numbers in the t-channel 
can be calculated with the use of s-channel unitarity pQ . In this approach the Pomeron 
appears as a composite state of two Reggeized gluons. It is convenient to present trans- 
verse gluon coordinates in a complex form together with their canonically conjugated 
momenta 

* • ■ d * . d /-x 

Pk = x k + iyk , Pk = x k - Wk , Pk = i-K— , Pk = l Ti~T ■ V) 

opk op k 

In the coordinate representation the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation 
for the Pomeron wave function can be written as follows [lj 

E*(p 1 ,p 2 ) = H 12 *(p u p 2 ) , A = -^^min£, (8) 

where A is the Pomeron intercept entering in the expression at ~ s A for the high 
energy asymptotics of the total cross section. The BFKL Hamiltonian has a simple 
operator representation [5] 

H 12 = In \p lP2 \ 2 + -^(ln \pi 2 \ 2 )pip* 2 + -^-(ln \pi 2 \ 2 )plp 2 - 40(1) (9) 

PlP 2 PlP2 

with pi 2 = p± — p 2 and ip(x) = T'(x)/T(x). The kinetic energy is proportional to 
the sum of two gluon Regge trajectories w(— \p\f) (i = 1,2). The potential energy ~ 
In \pi 2 \ 2 is related to the product of two gluon production vertices The Hamiltonian 
is invariant under the Mobius transformation [6] 

apk + b 

Pk -»■ —; , (10) 

cpk + a 

where a, b, c and d are complex parameters. The eigenvalues of two Casimir operators 
are expressed in terms of the corresponding conformal weights 

1 n „ 1 n 

m= — h iv H , m = — yiv (11) 

2 2 2 2 
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and for the principal series of unitary representations of SL(2,C) the parameter v is 
real and n is integer. 

It turns out, that the BFKL pomeron has the positive intercept A = g 2 N c In 2 /ir 2 in 
LLA, which is not compatible with the s-channel unitarity. To restore the unitarity one 
should take into account the diagrams with an arbitrary number of Reggeized gluons 
in the i-channel. The composite states of these gluons are described by the Bartels- 
Kwiecinski-Praszalowicz (BKP) equation [7J. In the N c — )■ oo limit the corresponding 
Hamiltonian has the property of holomorphic separability [8] 

H = \ E H k>k+1 = l(h + h*), [h, h*]=0. (12) 

k 

The holomorphic Hamiltonian is a sum of the BFKL hamiltonians hf-k+l 

h = y~] h k k+i , h u = ln(pip 2 ) + — (In pu) Pi + — (In pn) P2 - 2^(1) . (13) 
k Pi P2 

Consequently, the wave function \& has properties of holomorphic factorization [8] and 
duality symmetry under the transformation [9] 

Pi ->■ Pi,i+i ->■ Pi+i ■ (14) 

Moreover, in the holomorphic and anti-holomorphic sectors, there are integrals of mo- 
tion commuting among themselves and with h [TO] . 

The integrability of BFKL dynamics was firstly demonstrated in [10J. It is related 
to the fact that h in LLA coincides with a local Hamiltonian of the Heisenberg spin 
model p]. 

In the next-to-leading logarithmic approximation the integral kernel for the BFKL 
equation was constructed in Refs. [31 Q2]. Due to its Mobius invariance, solutions of 
the BFKL and BKP equations can be classified by the anomalous dimension 7 = ^ +iv 
of twist- 2 operators and the conformal spin \n\. 

The eigenvalue of the BFKL kernel in the next-to-leading approximation was cal- 
culated initially in QCD (see ref. |12j). It contains the contributions proportional to 
the Kronecker symbols 5 n $ and 5 n ^- But in N = 4 SUSY these nonanalytic terms are 
cancelled and a simple expression having the property of the hermitian separability was 
obtained [31 [13]. Furthermore, the final result in two loops is a sum of special functions 
having the property of maximal transcendentality [13] . In a different context, one- loop 
anomalous dimension matrix for twist-2 operators in this model was calculated and 
its eigenvalues turned out to be proportional to ip(l) — ip(j — I), which is related to 
the integrability of the evolution equation for the quasi-partonic operators in = 4 
SUSY [T4] . The integrability in this model has also been established for other operators 
and in higher loops [TOJ [16] . 

The maximal transcendentality principle suggested in Ref. [13] allowed to extract 
the universal anomalous dimension up to three loops in N = 4 SUSY |17[ [T8] from the 
QCD results [19J. This principle was also helpful for finding a closed integral equation 
for the cusp anomalous dimension in this model |20[ [2T] satisfying the AdS / CFT corre- 
spondence [22] 1231 [24], In the framework of the asymptotic Bethe ansatz with wrapping 
corrections the maximal transcendentality principle gave a possibility to calculate the 
anomalous dimension up to five loops [25] in an agreement with the BFKL predictions. 
Moreover, the intercept of the BFKL Pomeron at a large 't Hooft coupling constant 
in N = 4 SUSY was found in Refs. |18[ 126] , Next-to-leading corrections to the BFKL 
equation can be obtained with the use of the effective action for the reggeized gluon 
interactions [271 12H] ■ 
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A simple ansatz for gluon production amplitudes with the maximal helicity violation 
in a planar limit for N = 4 SUSY was suggested by Bern, Dixon and Smirnov [29]. This 
ansatz for the elastic case at large coupling was confirmed by Alday and Maldacena [30J . 
However, later for the multi-particle production amplitude these authors obtained the 
result different from the BDS predictions [31] . It was shown in ref. [32], that already in 
the 6 point case the BDS ansatz is in a disagreement with the Steinmann relations [33] 
which are equivalent to the requirement, that the production amplitude does not have 
simultaneous singularities in overlapping channels. The BDS result was not confirmed 
also by direct two loop calculations [34J. The reason for the breakdown of the BDS 
ansatz is related to the fact, that the BDS amplitude for the transition 2 — > 4 in 
the multi-Regge kinematics does not contain the Mandelstam cut contribution [35J. 
This new term appears in the jVplane of the t 2 channel at the physical kinematic 
regions, where the invariants in the direct channels have the following signs s,S2 > 
0; si,ss < or s, si, S2, S3 < 0; soi2,si23 > [32]. In LLA the cut contribution for 
the 6-point amplitude was calculated in LLA with the use of the BFKL equation [36J . 
The corresponding amplitude in the region s,S2 > 0; si,S3 < can be written in the 
factorized form 

M 2 ^ 4 = M^i (1 + iA 2 ^ 4 ) (15) 
where Mg°£ is the BDS amplitude [29] and 

^ 4 = a - 1 (-ir r (#^r f (?^r +t (s^-i) . (i6) 

Here k a ,kb are transverse components of produced gluon momenta, qi,q2,Q3 are the 
momenta of reggeons in the corresponding crossing channels and 

(Tl Tl \ 

2^(l)-^(l + w + -)-^(l + iu--)J. (17) 

The correction A is Mobius invariant in the momentum space and can be written in 
terms of the four-dimensional anharmonic ratios |36] in an accordance with the results 
of refs. [37] . 

It was shown also, that in a general case of the Mandelstam cut corresponding 
to a composite state of n reggeized gluons the Hamiltonian coincides with the local 
Hamiltonian for an open integrable Heisenberg spin chain [38] . 

In this paper we reproduce some results of ref. [36] using general arguments based 
only on analyticity and factorization of the 6-point amplitude without any unitarity 
constraints incorporated in the BFKL approach. Also the exponentiation ansatz with 
an additional phase factor for the BDS amplitude is investigated in LLA. 

2 Dispersion relation in multi-Regge kinematics 



The BDS amplitude [29 for the transition 2 — > 3 in the multi-Regge kinematics can 
be written in the following form compatible with the Steinmann relation (see 



M BDS 

= (_ Sl )-l2(_ SKl2 )- 2c 12 + { _ S2r , { _ SKl2rc l2 ^ K ^ = N 2 ( (18) 

where T(tj) are the reggeized gluon residues, k a is the transverse momentum of the 
produced particle and we put the normalization point /i 2 in the Regge factors equal to 
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unity. The gluon Regge trajectories are 

u r = u(\q r \ ) = — —In — T , IK ~ 4a , a = -g-j- , cj i2 = wi - w 2 , (19) 

where 7^ is the cusp anomalous dimension and A 2 = fi 2 exp(l/e) for D = 4 — 2e with 
e — )• —0. The real coefficients c} 2 , c 2 2 are given below [32] 

JL2 m 1 sin7r (^i - cjq) 12 . . sinTrjcjg-^o) 

c l — I 1 12 : > c 2 = 1 12 : , i^UJ 

sin 7ix<Ji 2 sin 7ra; 2 i 

where the Reggeon-Reggeon-gluon vertex Ti 2 in the physical region s, s\, s 2 > is 

Ti 2 (lnKi 2 - in) = |r i2 | exp(nru; a ) , w a = — In, — ^ — ^ , (21) 

8 |gir|g 2 |^ 

1 ir I ™ ( ^2\ka\ 2 l. 2 |gi| 3 1. ki| 2 |g 2 | 2 1 1*21 ,5 \ 

In r i2 = — -- ln z —5 ln z - — ^ + - In u In i-f- + 7C2 • (22) 

4 y 4 A 2 4 |g 2 | 2 2 A 4 /j 2 4 / 

It is well known, that one particle production amplitude with the reggeon exchanges 
having definite signatures ti,t 2 = ±1 in the crossing channels t\ and t 2 has the factor- 
ized form in all physical regions [39J 

v !f^l s = i^ra v riT2 i- a r & , ^ riT2 = |^ ci 2 + |i 4 2 , (23) 

1 (*l)l (*2j SI ?2 

where 

6 = e"*™ 1 - n , 6 = e-*™ 2 - r 2 , 62 = e" 4 ™ 12 + r x r 2 , 61 = e" 4 ™ 21 + nr 2 . (24) 

Moreover, for two particles production in the multi-Regge kinematics the amplitude 
with definite signatures t% in three crossing channels can be also presented in the 
factorized form |39| 

M TlT2T3 

2 ti , = wr^x f tit2 | S2 r 2 6 ^ t2ts \s3rn3 , (25) 

1 (*l)l (*3j 

where V T2T3 is obtained from V T1T2 (|23p with the corresponding substitutions 

^ = ^c 23 + ^c 23 . (26) 

?2 & 

For the second produced gluon with the transverse momentum k b the coefficients c 23 
and phase u>b are 

23 |p 1 sin7r(o; 2 - u b ) 23 sin^jg-o^) 
Ci = J-23 : j c 2 = 1 2 3 : i (2'j 

Sin 7TW 2 3 ~ Sin 1TUJ32 

IK N 2 A 2 |2 _ S 2 S 3 ^ 



Wfe = — In - — — — - , \k b \ 

8 mrmr 



S123 

In an accordance with the Steinmann relations the Regge hypothesis leads to the 
following expression for the Regge pole contribution [391 E2] 



pole 



2^4 



(_ S1 )"X2 (_ S012Kl2 )-23 (_ SKl2K23 )-3 c 12 c 23 



r(ti)r(t 3 ) 

+ (_ S 3)-32 ( _ Sl23K2 3 ) -2 1 (_ S « 12K2 3)«1 C2 2 C f + (-SK 12K23 f 2 (S^ 2 (S 3 r™ cfcf 
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+ (-S2j 21 (- s 012Kl 2 ) 13 (-SK12K23) 3 - : C2 Ci 

sm7ru; 2 sin7ra;i3 

, / Wit \w 3 i / sin^ro^ sin7TW2i 12 23 

+ (-S2) 23 (-si23^23) 3 (-SK12K23) x - ; c 2 q . (29) 

sm7ra; 2 sin7ra;3i 

It is valid in all physical regions different by signs of momenta PA,PB,k± and fc 2 . Using 
the identity 

sin ttuji sin7r^ 23 ^13^2 + sin iru 3 sin7ru; 2 i £ 3 i£ 2 _ 1 ^ty 
sin7rw 2 sin7rwi3 £ 23 £i sin7ra; 2 sin 7^31 £ 2 i£ 3 

one can verify the Regge factorization of the signatured amplitudes MT^J^ 3 ([25]) . Note, 
that there is another useful relation 

sin7T£Ji sin7ru; 2 3 sinTrwa sin7rw 2 i , . 

— H — = 1. (31) 

sin7rw 2 sin7ra;i3 sin7ra; 2 sin-7rw3i 

The two-gluon production amplitude in the multi- Regge kinematics can be written 
as a sum of the Regge pole and Mandelstam cut contributions [32] 

M 2 ^4 = Mf[ e 4 + M- t 4 , (32) 

where M 2 ^ 4 is non-zero only in two kinematic regions restricted by the inequalities 
s, s 2 > 0; si, s 3 < and s, si, s 2 , s 3 < 0; s i2, S123 > 0. 

The pole term ([29]) in the region s, s 2 > 0; si, S3 < is given below 



M pole 

JM 2->4 _ -iiru 3 12 23 , 12 23 , -i7rw 2 12 23 

kM^M-shrfrjrfo) ~ e 1 1 + 2 2 + 1 2 

+ e -«^ ( e ™ sin ^i sin 7^3 + e - iwi3 sin ^ 3 sdnvr^i \ ^ ^ ^ 
\ sin7rw 2 sin7rwi3 sin7ra; 2 sin7ru;3i/ 

With the use of the relation 

e i™ 13 sin7r ^i sin7ru;23 e _i wi8 sin^ sin7Rj 2 i 
sin 7rw 2 sin iruis sin 7ra; 2 sin ircuzi 

sin7ra;i sin 7ra;23 + sin 11003 sin7rw2i 

= cos 7ra;i3 + * (34) 

sin iroj2 



this result can be simplified 

rpole 



M 2^4 ^-^ sinvr^a ( -i™ lb , ..sinvrwi 



|a 1 | w i|s 2 | Wa |s3| W3 |ri2||r 23 |r(ti)r(t 3 ) sm7ru;i 2 V sinvrcj 2 

+ e -;™ 6 smTT^iq = 2 sin7ru; a sin^a; fe + g _ i7raJ2 giw(tl , 0+Wt) _ ^ 
sin 7ra;i 2 i sin 7ru; 2 

We can present M pole in the region s, s 2 > 0; s\, S3 < as a sum of three contributions 

M|^4 2e _47rW2 cos 7ro; 2 sin iroj a sin vrw;, 



I Sl I I S2 1 ^2 1 s 3 1 ^3 1 r 12 1 1 r 23 1 T(t 1 )r (t 3 ) i sin vrw 2 

+ ie-' i7VUJ2 sin n{uj a + oj b ) + e"*™ 2 cos Truj ab , u ab = — In | fc "|| g3 | . (36) 

4 Ffc||<7i| 

Here two first terms have the phase structure of the cut contribution M 2 ^ 4 considered 
below in (|40p and can be included in it, which gives a possibility to redefine M 2 ^ 4 in 
the form 

M pole 

-- -- . = e"*™ 2 cos iroj ab . (37) 

sihl^l^lsah rw |r23 r(ti)r(t 3 ) v ' 
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Indeed, in an accordance with the above discussed representation for planar amplitudes 
in the multi-Regge kinematics the cut contribution can be presented as follows (it 
corresponds to the last two terms in the pole contribution (|29p ) (cf. |38j) 



\u 2 , 



/ioo A, . 
-ioo ^Tri 

(38) 

Here we introduced the quantity $ which coincides with the anharmonic ratio related 
to the conformal invariance of the production amplitudes in the momentum space 

$= SS2 , l-d> J fca + fcb|2 (39) 

S012S123 S2 

and the partial wave $(102) is real for real cj 2 and depends on various invariants in 
crossing channels. The above expression for M 2 ^ 4 is non-zero only in two regions, 
where $ = exp(=p27ri) (really this fact fixes the relative coefficient of two terms at the 
first factor in (|38|) . From this representation we conclude, that the phase structure of 
the cut contribution at s,s 2 > 0, si,s 3 < (corresponding to = exp(— 2m)) is 

M cut r io ° 
^4 -i e - in ^ / ^-f(uj 2l )e- mu ^\s2\^'. (40) 



| Sl |^| S2 |^| S3 |^|ri 2 ||r 2 3|r(ti)r(t3) J-ioo 2m 

The redefined partial wave f(u>2') can contain the pole ~ l/ui 2 ', which allows one to 
absorb the terms ~ i exp(— Z7ru; 2 ) from M^l to M 2 C ^ 4 , as it was done in transition 
from to (1371). 

In a similar way the pole and cut contributions in the region s, si, s 2 , S3 > 0; soi2> si 23 > 
(<& = exp(2-7ri)) can be presented in the form 



pole 



2^4 



Isih|s2|^|s3h|ri2||r 2 3|r(ti)r(t3) 



COS7TW ab , (41) 



= -i r fM \ S2r . (42) 

\si\^\s2\^\s^\T l2 \\T2z\T(t 1 )T{tz) J— ioo 2iri V ' 

3 Factorization and analytic properties of M 2 ^4 

The BDS amplitude in the multi-Regge kinematics for the physical channel in which 
s, S2 > 0, s%, S3 < is given below (see ref. 



M wl H wa M U8 |r 12 ||r 23 | r(ii)r(i 3 ) 

where 



r IK , |gl|k2||fcqPfc| 

i = T ln |UW (44) 

and we used the following expression for the phase factor C 

c = exp \- mln \k a + k h \^ ) ■ (45) 

Note, that the phase 5 does not contain infrared divergencies and can be written as 
follows 

5 = ^ ln (T^F' (46) 
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where u r are anharmonic ratios of invariants in the momentum space 

, ss 2 s 3 ii sxt 3 
u\ = 9 = , u 2 = — , u 3 = — . (47) 

Sl23'S012 ^123*2 5012^2 

Correspondingly, in the physical region where s,si,s 2 ,S3 < 0; soi2>si23 > the BDS 
amplitude can be written as follows 

m bds 

- _'— 1 _ Q e -llTU)2 ^(Ula+^b) — g -471 " 5 (48) 



|sihN W2 M W3 |ri2||r 2 3|r(ti)r(t 3 ) 



According to the hypothesis formulated in refs. [311 [40] the correct expression for 
M2_>4 can be obtained from by multiplying it by a factor c being a function of 

these anharmonic relations 

M 2 ^ = cM 2 B °i. (49) 

The factorization hypothesis together with the above discussed representation of M 2 ^a 
in the form of a sum of the Regge pole and the Mandelstam cut contributions (|32ft 
leads to the following relation for c valid in the region s, s 2 > 0, si, S3 < 



ce m& = cosi:uj ab + i / — f (uj) e~ i7TUJ (1 - , l-u x sa 1 ° ^ 61 -^+0. (50) 



-100 S2 

Here /(w) is a real function depending on two invariant variables 

, U 2 \qi\ 2 \h? , ""3 l?3| 2 |fea| 



l-ui \k a + k b \ 2 \q 2 \ 2 l-m \k a + k b \ 2 \q 2 \ 

The phases 5 and aj a h also can be expressed in terms of these variables 



(51) 



S=^H<h<h), u ab = ^\n^. (52) 
8 8 <p 2 

In a similar way for the production amplitude in the region s, s%,s 2 ,S3 < 0; S012, S123 > 
one can derive the relation 

— f(uj){ Ul -l)-", ui>l. (53) 

-200 -^TT^ 

The above representations for c are valid on the second sheets of the Riemann 
surface of this function at u\ — > 1. In the quasi-multi-regge kinematics si,S3 s 2 ~ 
ti ~ t 2 ~ £3 the anharmonic ratio ui is not close to unity. The first sheet of the Riemann 
surface for c corresponds to the production amplitude M 2 ^.^ in the kinematic region 
where s, s±, s 2 , S3 > 0. In this region the amplitude is regular at U\ = 1 and has the 
singularity at u\ = 0. 

To illustrate these analytic properties let us consider the BDS amplitude in the 
region s, si,s 2 ,ss > 0. It contains the following dependence on u\ [32] 

r BDS _ lK( T . n „, x . , r——. I 2 , 



InM^f = — ^ ^Li 2 (l - m) + lnm ln(-V^) + ^ ln «ij + ... , (54) 

where we included also the phase in(uj a + uj b ) and used the identity 

\Qi\ \Q3\ \h\ \k 2 \ , . 

j — To = ~yju 2 U 3 . (55) 

-s 2 \q 2 \ z 

With the use of the integral representation for the dilogarithm function Li 2 (z) 

dx , , . r°° dz' 



Li 2 (z) 



f z dx , r°° dz' , , . . 

/ — lnl-x ) = z — -lnz' 56 

Jo x Ji z\z' - z) 
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we conclude, that the one loop BDS amplitude [29] has singularities at u\ = 

(57) 

In the multi-Regge regime, where s,s 2 > 0; si,ss < 0, the invariant ui is close to 
unity 

«! - e"- (l - I^E) (58) 

and the amplitude should be continued to the second sheet of the ui-plane through 
the lower edge of the cut at u\ < 0, which generates the additional term (cf. |32j) 

A(4 1} +F 6 (1) ) =-™ 7 f (lna-nO-ln^-lnm) . (59) 

Note, that this term has also a singularity at U\ = 1 and is pure imaginary in the 
physical region u\ < 1. 

In the next section we consider the two loop contribution. In this case the second 
order expansion of the BDS exponent on the first sheet also can be presented in a form 
of the dispersion integral which relates its real and imaginary parts. However, this 
expression does not agree with the Steinmann relations. 



4 Two loop production amplitude Mo^4 

For the production amplitude in LLA the following expression for M 2 _>.4 in the re- 
gion s,S2 > 0; si, S3 < was obtained in two loops with the use of the s-channel 
unitarity [36] 

a 2 

M 2 ^ 4 = c Mi°£ , c = 1 + — r 2 + 0(a 3 ) , (60) 



where 



7" 2 ~ Li2[l — u\) in In ■ 



U2 U 3 

r- n \i C 1- ^), (l-u 2 ). T . n \ -i (l-«3), (l-«a) ra ,s 

L%2\ \ — U2) In In h -Lz 2 (l — 113) in m . (61) 

U3 " u 2 ui 



Here we introduced the four-dimensional anharmonic ratios (|47p and included addi- 
tional terms to provide the invariance of M 2 _j,4 under the cyclic permutations. The 
added contributions are not essential in the multi-Regge kinematics, although for 
the exact two- loop result they are important. Note, that another physical region 
s,si,s 2 ,S3 < 0; soi 2 ,si 2 3 > 0, where u\ = exp(2-7u), is also described correctly by the 
above expression (JoTj) for r 2 . 

We should take into account also a similar cut contribution to the transition am- 
plitude 3 — > 3. But in fact it is already contained in eq. (j6Tj) due to the relations 
(cf. [3H[36]) 

S13SQ2 _ u _^ 1 |gl + Q3 - g2p I-U2 _^ |gl + 93 ~ <?2 1 2 1 g2 1 2 Ul _^ I g3 1 2 1 1 2 
st' 2 " i 2 ' Iti I ^3 1 2 1 1 2 ' U3 \k2\ 2 \kl\ 2 ' 

(62) 

Thus, our expression (foTj) in two loops leads to the correct multi-Regge asymptotics 
in all channels. Moreover, the conformal invariance in the momentum representation 
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is valid also in higher loops of LLA if we substitute the anharmonic ratios in the two- 
dimensional transverse subspace by the corresponding four dimensional ratios 7/2,3 an d 
the power of the logarithm In S2 at large s 2 by the following expression 

ln n «o fl— "1 rli 

■ m s 2 . , 1 \n-l / al i„n-l 



- 2vri^-± -> (— 1)' / — In"" 1 1 ln(l - t) , (63) 
n Jo t 

which can be written in terms of the polylogarithm function Li n+ \(z). 

Let us expand the BDS amplitude in the region s,s 2 > 0; soi2>si23 < in the 
perturbation series to investigate a possibility to correct its bad analytic properties 
with the factor c depending on the anharmonic ratios. It can be presented at this 
kinematics in the form [32] 

Mg°l = CY{tt) (- Sl r r(lns 12 - in) (-a 2 )*» r(ln K23 - in) (-sg)" 3 T(t 2 ) , (64) 

which was simplified above (see (I43p ). Note, that the phase 5 (|44[) does not contain 
infrared divergencies and depends on an anharmonic ratio in the two-dimensional mo- 
mentum space. It can be written also in terms of four-dimensional anharmonic ratios 
&■ 

The first order term of the expansion of the phase in (|43p over S corresponds to the 
Mandelstam cut contribution in one-loop approximation [32J. The second order term 
— 7r 2 5 2 /2 of the phase factor expansion 



l + iTr5-7r 2 — + ... (65) 



contradicts the Steinmann relations and analytic properties for M 2 ^4 if we would not 
take into account the additional logarithmic contribution ~ lns2 appearing in the 
factor c. On the other hand, the LLA result for c in the two loop approximation after 
its analytic continuation to the region s, s 2 > 0; s%, S3 < can be written as follows [36] 

a 2 |/c2| 2 ki| 2 l^iPksl 2 

c ~ 1 - 2iri — In s 2 In Tl —ttt. — In Tl — T . — py + ... . (66) 

4 \ki + k 2 \ 2 \q 2 \ 2 \ki + k 2 \ 2 \q 2 \ 2 

It does not contain the phase factor exp(— iri) in the argument of lns2 due to the pure 
imaginary asymptotics of the function Li 2 (l — u\) in eq. (fBTI) at u\ — > exp(—2ni). To 
obtain the correct real part for F 2 ^ in an accordance with the phase structure of the 
cut contribution (j38j) depending on the argument — s 2 we should find somewhere the 
following real term 

a 2 ir 2 |fc 2 | 2 M 2 ! N 2 |g3| 2 {a7 , 

Ac = — m — Tl — pr In — Tl — pr . (67) 

2 \h +k 2 \ 2 \q 2 \ 2 \h + k 2 \ 2 \q 2 \ 2 

It is remarkable, that this correction is contained already at the BDS factor in eq. ()49p . 
Indeed, Ac can be written as follows 

a 271 " 2 /V 2 I fc ill fc 2lkilk2l , 2 \ k i\\qs\ 



Ac = ln z ' ' - In 



\h + k 2 \ 2 \q 2 \ ' \kz\\qi 
fl vr 2 ( 1q2 jMNMM _ ln 2 IMffll \ = ,^2^ + ^2^, (68) 



32 V |fci + A:2| 2 | g 2| 2 l^lkil 2 / 2 2 

The first contribution —5 2 /2 is the second order term in the expansion of the phase 
factor exp(i<5) in (J4*3|) and the second contribution oj 2 b /2 is opposite in sign to the second 
order term in the expansion of the factor cos ui a b included in the pole contribution 
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(|37p . Note, that the phase factor exp(— muj2) exists in all three amplitudes 
M 2 ^ 4 , M v 2 % and M^ 4 . 

Thus, the two-loop result for the two gluon production amplitude in LLA is in 
a full agreement with analyticity requirements and a factorization hypothesis (|49p . 
In fact it follows completely from these properties without any necessity to solve the 
BFKL equation [36J. Moreover, the BFKL kernel can be calculated from the two loop 
correction. Note, that the analytic properties of the cut contribution ([38]) predict the 
pure imaginary result also for the next-to-leading term in r 2 (not proportional to In S2). 
Recently fH] this prediction was confirmed by an analytic continuation of the exact 
expression for two loop production amplitude obtained in refs. [421 143j . It means, that 
the representation of the six point amplitude in terms of the P-exponents [3D] is in an 
agreement with the Mandelstam cut asymptoticsat least in two loops [36J. 

In a similar way in the physical region s, s, s±, s 2 , S3 < 0; soi2> S123 > the factor c 
in two loops can be presented as follows 

c ps 1 + 2vri — (ln(-s 2 ) - wr) In 2 * 2 In - — 1 |j 2 + ... . (69) 
4 |Ki + fc 2 n<72| \h+k2\ z \q2\ 

Here the real term ~ a 2 ir 2 contradicts the analytic properties for the Mandelstam cut 
contribution in this region and it is cancelled as above with the two loop expansions 
of the BDS phase and the pole contribution 

Ac=-^+^. (70) 

5 Exponentiation hypothesis 

As it was argued above, in the region s, s 2 > 0; si, S3 < for the multi-loop amplitude 
M 2 ^4 in LLA and beyond it one can use the relations 

M 2 ^ 4 = c M 2 B °f = Ml°\\ + M 2 - 4 4 , (71) 

where c is an invariant function of three anharmonic ratios in the momentum space. 
The BDS amplitude is given by eq. (|43|) . Mf* is known explicitly (see (i37|) ) and the 
analytic properties of are defined by the integral (|40p . 

These relations can be considered as a set of equations for the real functions c and 
/(w 2 ) although they seem to be incomplete, because for example in two loops we can 
add to the result the next-to- leading correction of the form (see ref. |41j ) 

AM 2 ^ 4 = ia 2 A NLLA (^ 2 ,^), (72) 

where $2 and $3 are given by eq. EU 

Generalizing the BDS hypothesis one can assume, that the correct amplitude M<i-^/± 
has an exponential form. However, it will be shown below, that the factor c can not 
be a pure phase in the region s, s 2 > 0, s%, S3 < 

c^e^. (73) 

This conclusion is based on the fact, that in LLA the complex structure of the produc- 
tion amplitude (including the phase of the BDS ansatz) is known. 

We start with the dispersion representation for the cut contribution to the produc- 
tion amplitude in LLA (see ([4T>P ) 

\/rcut °o 

—j^- = ia*e- i ™» J2(Hs2)Tc n a n , (74) 

l JW 2^4 I „ =0 
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where the coefficients c n due to eq. (|16p are known in the form of integrals over v and 
a sum over n from powers of the eigenvalue (I17p of the BFKL kernel for the adjoint 
representation. For the real part one obtains with a leading accuracy 



f-^^ = avr 2 ^(lnWr^c.o". (75) 

l iW 2^4 I n=0 



We devided the equality with the factor exp(— iiruj2) because it is common for all 
contributions. 

On the other hand, using the exponentiation hypothesis with the additional as- 
sumption, that the remainder function is a phase 

c = j* , 4> ~ A 2 ^ 4 , (76) 

where A2-+4 is given in eq. (|16j) . one can obtain the coefficients c n for n > 2 from the 
expansion 

iU-rarf _2 / 00 \ 2 

K ■ R n., =-— I aY (In s 2 ) k c k a k ) , (77) 



fc=0 



where 



. ki| 2 k 3 | 2 , 1 . |fci| 2 A 2 1 |fc 2 | 2 A 2 1 k 1 | 2 | g3 | 2 |fci| 2 |fc 2 | 2 

C ° = 111 ll i l I2\2 + o ln I 121 12 + o ln I 121 12 = o ln I L i \ 141 14 " 78 

|«i + «2| 2 I qi r I <?2 1 2 M M 2 F1 + K2I |?2| 

Here the first term appears from the factor C (I45p and two last terms are from the 
phases oo a (f2Tj) and Uf, (j28|h For the coefficient ci we have from the previous section 
(see (JBZD) 

1, JAL, |fcii 2 k 3 | 2 , ro . 

ci = — In — —nr. — 77; In 7- —rrr. — ■ (79 

2 l-fci -}- fc 2 | 2 |«?2| 2 |fci + A&| 2 |ga| 2 

Thus, from the exponentiation hypothesis (|76p we obtain the recurrent relation for c^ 
at n > 2 

2 n— 1 

"Cn = -- c fc c n _i_ fe • (80) 
fc=0 

In particular, 

1 , M 2 k3| 2 |kl| 2 |/C2| 2 |^2| 2 kl| 2 , I^l| 2 k3| 2 , Q ,x 

Co = — m — : — -n — n — m — — nr, — ^ In rz : — nr, — rrr - (oil 

8 \h + & 2 |% 2 | 4 \h + k 2 \ 2 \q 2 \ 2 -F Ar 2 | 2 |^ 2 | 2 v ' 

Let us introduce the generating function y(x) 



M cut 00 

e -i^ 2 \MBDS\ =ia7T H-S2)) , V{x) = £ ^ °n ■ ( 82 ) 

This function satisfies the equation 

A-y( X ) = -^y\ X ) + b, (83) 

where 

y(0) = c , 6 = Cl + | = iln 2 ^. (84) 
2 2 |fcig 2 | 



Its solution is 



V2b tanh [ J^x + dj , coth5 = -^= (85) 
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with the perturbative expansion 

y = c + c 1 x — x +.... (86) 

This result based on analytic properties of the production amplitude and on the 
assumption of the exponentiation (|76p of £A2->4 in (|15p is in an disagreement with the 
perturbative solution f|16f) of the BFKL equation corresponding to the factorization 
property of i-channel partial waves. In particular, the exponent exp(— y/2bx) depends 
only on the module of the anharmonic ratio u 2 /u 3 whereas the correct BFKL expres- 
sion depends also on a phase. It turns out, that already in three loops the leading 
logarithmic result ()16p contains the special functions Li 3 {x) and Li 2 (x) absent in C3. 
Indeed, according to ref. [33] the function C2 obtained from eq. (|16|) has the form 

c 2 = - (2ln\w\ 2 ln 2 \1 + w\ 2 - -ln 3 |l + w| 3 - - In 2 \w\ 2 In |1 + w\ 2 



+ I In \w\ 2 (Li 2 (-w) + Li 2 (-w*)) - \ (Li 3 (-w) - Li 3 (-w*)) , w = . (87) 
8 4 k 2 qi 

Thus, the factor c in the region s,s 2 ; si,s 3 < can not be a pure phase in the 

physical regions with u\ = exp(±2-7ri), where the amplitude contains the Mandelstam 

cuts. The analytic properties of c are presented in eqs. (f50|) and (f53j) . They show, 

that the knowledge of the amplitude in LLA allows one to calculate not only leading 

corrections to the imaginary part of the factor c, but also - leading corrections to its 

real part suppressed by the extra factor ~ a (see ref. 



6 Conclusion 

In this paper we investigated analytic properties of the planar six point amplitude 
for N = 4 SUSY in the multi-Regge kinematics. This amplitude has the Regge pole 
and the Mandelstam cut contributions and should satisfy the Steinmann relations. 
We calculated the two loop correction to the amplitude ¥2^4 at the region s, s 2 > 
0; si,s 3 < in an agreement with the results of the paper [36] using only analyticity 
constraints and a factorization hypothesis. It was shown, that in the next-to-leading 
approximation the two loop correction to the factor c in front of the BDS expression 
should be also pure imaginary. This prediction is confirmed by direct calculations 
in ref. |41] , We also demonstrated above, that in upper loops the factor c in the 
Regge kinematics can not be a pure phase (see (i73|) ). because such phase structure 
would contradict the t-channel Regge factorization incorporated in the BFKL equation. 
Really the amplitude in LLA can be reproduced completely from the BDS ansatz with 
the use of the analyticity and the Regge factorization. 

I thank J. Bartels and A. Prygarin for helpful discussions and the Institute of 
Advance Studies of the Tel Aviv University for the kind invitation to stay there in 
October - December of 2009 when a significant part of this investigation was done. 
This work was supported by the Russian grant RFBR-10-02-01338-a. 
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